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Abstract 
With FEM and BEM, the 3D numerical simulation models of three-point bending specimen of pressure vessel material 15MnMoVN steel 
containing cracks are established, and the influence of the model size and the initial notched geometry on the SIFs is discussed; 
the SIFs on several different crack length and loading are compared and their variation laws are analyzed, which prove both 2D model 
and 3D one are of high precision. At last, a simplified formula to describe this material stable behavior of crack growth under static 
loading has been induced, which is in good precision compared with the theoretical formula, and provides a reference for the three-
point bending test of the pressure vessel assessment of this material. 
 
© 2012 The Authors. Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Beijing Institute of 
Technology. 
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Nomenclature 
K the value of the stress intensity factor 
W the width of the model 
B  the thickness of  the model 
E modulus of elasticity 
v Poisson's ratio  
a the length of the crack 
 f dimensionless stress intensity factor 
I,II,III the mode of the stress intensity factor 
1. Introduction 
The stress intensity factor (SIF) is a main failure criterion about the object containing macroscopic crack under loading, 
and also one of the important parameters of high pressure gas cylinders safety evaluation. Under the influence of the 
technological level and environment, 15MnMoVN steel high pressure cylinder could be cracked, which seriously influences 
its normal operation and safety. Therefore, fracture analysis is required[1].  
In recent years, combined with professional software, the numerical analysis methods greatly reduce the amount of 
calculation for engineers. Three-dimensional (3D) crack is more close to the practical situation. The significant difference 
between 3D crack and two-dimensional (2D) one is that K changes along the crack front; namely, K is a function with 
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parametric angle . Therefore, it requires the numerical method for high precise calculation. The main task is to calculate the 
stress distribution at the crack tip and then the SIF is reached by reasoning. 
2. Principle  
The usual numerical methods[2-4] are finite element method (FEM) and boundary element method (BEM). The FEM is 
based on the variational principle and weighted residual method, which can be applied as follows. Firstly, the calculation 
domain is divided into several units and each unit is interpolated with cubic spline function; next, the original differential 
Equation is transformed into linear Equations; each node forces and displacements are then able to be calculated. BEM is 
similar to FEM. The main difference is that by BEM the boundary should be discretizated at first, and then the stress and 
displacement of the interior points could be calculated with the former result. FEM and BEM Equations are respectively 
shown in Equation (1). 
 
F T
b A
 (1) 
In which, F is equivalent to total node forces; T is stiffness matrix;  is total displacement matrix; b is known quantity 
in transformed Equation; A is coefficient matrix;  is unknown quantity in transformed Equation. 
There are many methods to calculate the SIF: virtual crack closure technique (VCCT)[5], displacement extrapolation 
techniques, contour integration region (such as J integral). In the polar coordinate system, the theoretical formulas to 
calculate 3D SIF( KI, KII and KIII )along the crack tip[6]
 are given in Equation(2) and Equation(3).  
The relationship between the 3D-displacement and SIF is 
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and the relationship between the stress(containing the principal stress and shear stress) and SIF is 
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Considering plane crack problem, some mechanical parameters are neglected, and the formula is able to be simplified in 
the following two aspects. 
In the case of plane stress, the formula is neglected as 
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and in the case of plane strain, the formula is neglected as 
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The singularity r-0.5exists in the crack front stress and strain fields field, in which usually the singular unit is usually 
applied; namely, the intermediate node in the 8-node (or 20-node) singular element is moved to 1/4 point[7] near crack tip. 
To take safety into consideration, the actual 3D crack which is mixed-modes crack, is always thought as mode I crack[8] 
which is the most dangerous mode and is also the focus in this paper. 
3. Modeling and meshing 
The basic dimensions of planar model are as follows. The span of the model S is 96mm, the width W is 24mm, the elastic 
modulus of the material E is 200GPa, and Poisson ratio v is 0.3. The geometric parameters are shown in Fig. 1; the thickness 
B is not in the diagram. Crack and concentrated load is located at the cross position, and the type of crack is mode I crack. 
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Fig. 1. Schematic diagram of the specimen. 
Three numerical calculation methods are applied in this paper: 3D FEM, 3D BEM, and 2D FEM, which respectively 
applies ABAQUS[9], FRANC3D[10], and FRANC2D. General meshing laws: the grid near crack is intensive, and disposed 
1/4 point in the crack tip to improve the accuracy; the remaining one is relatively sparse, and both should be regular as much 
as possible. The grid distributions are shown in Fig. 2. 
 
 
Fig. 2. Grid in different numerical methods. 
4. Different influencing factors 
4.1.Thickness 
If thickness B is much shorter than the other two dimensions, the model is plane stress state; if the thickness is very long 
and vertical to the axis of the material geometry, with the same strain and restraint conditions, the model is plane strain state. 
Crack tip plastic zone in plane strain state is much smaller than the plane stress, and can be approximately regarded as a 
linear elastic fracture mechanics. In order to achieve the plane strain case, the required specimen size is relatively large, 
which will undoubtedly increase the consumption of materials, and improves the test cost. 
The thickness is an important factor when calculating the KI because each unit by the surrounding unit constraint 
in different degree, without considering the force in the third direction which affects the calculation results. Therefore, the 
3D model calculation is more suitable to the actual stress and the stress strain field. When 3D model thickness is 
respectively 10mm, 20mm, 30mm, and 40mm, the results is shown in Fig. 3. 
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Fig. 3 shows that the KI decreases as the thickness increases, while the 3D FEM calculation results are almost equal to the 
theoretical value. When B is 20mm, the error is less than 0.065, which is acceptable. Meanwhile, the size of the specimen 
is minimized.  
The theoretical formula [11] to calculate KI is given as below 
 1.5/ ( / )IK PS BW f a W  (6) 
In which, 
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Fig. 3. Curves of SIF along the crack front with different thickness. 
According to the standard, the crack length, ligament length, and thickness suggest to be greater than 2.5t2 (t, the ratio of 
plane-strain fracture toughness to yield strength ratio), for example, B=80mm. The simulation is under the same conditions, 
and the corresponding dimensionless KI  is shown in Table 1. 
                                              Table 1. Comparison of dimensionless SIF in different geometrical size levels 
Geometric Dimension FEM Theoretical Value Error 
20mm*24mm*96mm 2.802 
2.662 
0.052 
20mm*24mm*96mm BEM  2.504 0.065 
100mm*120mm*480mm 2.786 0.062 
1m*2m*8m 2.824 0.046 
 
As shown in Fig. 4, 3D SIF in different crack lengths are established differently, with a=2mm, 4mm, 6mm, 8mm, 10mm, 
12mm, 14mm. If the change is obviously less than others, it’s not shown in Figure 4. 
Compared with the 3D SIF value in the most dangerous position(the maximum value), the relative error of the 2D one 
does not exceed 0.065, and is much simpler. Therefore, the 2D model results is still able to satisfy engineering practice. 
4.2. Initial notch shape 
Within the envelope, one of the recommend initial notch shapes is shown in Fig. 1. The equivalent crack length a=12mm, 
the thickness of the model B=20mm, the width of notch t=2mm, crack length a, is the sum of opening depth L1+L2 and 
fatigue crack length a’. The calculation results in different initial notch shape are shown in Fig. 6. 
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Fig. 4. Curves of SIF along the crack front with crack length (a) a=2mm, (b) a=4mm, (c) a=6mm and (d) a=14mm. 
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Fig. 6. Error curves for (a) the error of four different notch shape,(b) a’=2mm,(c) L1=0. 
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In Fig. 6(a), numerals 1, 2, 3, and 4 show that the shape in L1 section are respectively triangle, square, round, and slit. All 
of them are of high precision, and the simplest one is 1st and 4th, which is the simplest configuration. In addition, 3D 
chevron notch and linear notch are similar results, and are not drawn in the graphics. 6(b) and 6(c) show the relevance of the 
size effect. The results show that in the envelopess, notch shape has little effect on the calculation, and the simplest one is 
4th, namely, a’=12mm, L1=L2=0. 
4.3. Load level and crack length 
In Fig. 4, compared with 3D model, the precision of planar crack SIF does not exceed 5%, which provides theoretical 
support for 2D model. Different errors getting from different calculated methods are shown in Fig. 7. 
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Fig. 7. Error curves in different calculated methods. 
In Fig. 7, the errors are small, among which VCCT is relatively more stable. In Fig.8, the same size with different 
loading, and the same loading with different crack length are discussed. The SIF is proportional to the load levels and the 
crack length. Crack length ranges from 2mm to 20mm containing outrange values in this paper. In Figure 8, the curves are 
approximately equal to the exponential function curve. Then, with the data from 6mm to 14mm, the dimensionless SIF 
expression is able to be modified. The new expression also uses a/W as a variable in the following equation. 
 ' exp[2.94( / ) 0.47]f a W   (8) 
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Fig. 8. Curves of the SIF in different load level and crack length.                                      Fig. 9. Error curve of the simplified formula 
Compared with Formula(6),the error from the simplified Formula(8) is shown in Fig. 9. 
When the maximum error is less than 3%, the simplified Formula (8) is able to provide a reference for engineering 
design. 
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5. Conclusions 
Through a large number of simulation calculation, the influence on the SIF of 15MnMoVN steel three-point bending 
specimen from different parameters in crack stable propagation stage under static loads is concluded as follows. 
(1) Compared with different model thickness and crack size, the specimen initial SIF is relatively stable when the 
thickness B 20mm, and the initial crack length a=0.25W-0.55W. Meanwhile, being in the envelopes, the initial specimen 
notch shape has little influence on the calculation, which proves that crack model is suitable to be simplified as a slit. 
(2) The relative errors of computation results of KI between 2D method, 3D method, and recommend theoretical formula 
are small and the correctness of two-dimensional calculation of KI has been verified. In order to assure safety, the specimen 
size should be multiplied by a scale factor when non-recommended size is applied. 
(3) Compared with the calculated methods of plane SIF, VCCT is better than displacement extrapolation techniques and 
J integral. In addition, the simplified calculation formula is of high precision, and could provide a reference for engineering 
test design. 
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